Electron microscopy stands out as electron waves providing higher spatial resolving power compared to their optical counterpart. Here we investigate theoretically the interaction of twisted electrons generated in transmission electron microscope (TEM) and magnetic impurity, in which the magnetic dipole moment is taken as a demonstration element. In addition to the usual optical phase, the inhomogeneous vector potential generated by the magnetic dipole moment makes additional contribution to the intrinsic orbital angular momentum of electrons, resulting in a Gouy phase shift. By interfering the outgoing twisted electron beam with a reference Gaussian-cylindrical wave, one can determine the magnitude and orientation of magnetic dipole directly via the rotational and deformed interference pattern. The obtained results demonstrate the usefulness of twisted electron beams for probing the atomic-and nanoscale magnetism of impurity by TEM and the proposed model provides the conceptual basis for future developments of the TEM method.
Introduction
Recently, twisted electron beams attract more and more attentions so as to clarify the underlying physics and the potential for novel technological applications [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] . These electron vortex states carry a definite amount of intrinsic orbital angular momentum (OAM) and possess a helical phase front e i φ . In experiment, they can be produced in electron microscopes where the electrons are controlled and focused by using magnetic lenses. In contrast to the usual plane wave states, for which = 0, the OAM projection of twisted electrons can be as high as = 1000 [14] . Such a huge magnetic moment resulting from large makes vortex beams particularly suitable for probing magnetic properties of materials at atomic/nanoscale [15, 16, 17] and manipulating nanoparticles [18] . The OAM-induced moment also allows to enhance and explore magnetic phenomena in electron-light coupling [10, 19, 20] . Moreover, a nonzero OAM can significantly influence fundamental atomic and molecular collision processes [21, 22] . The studies of the physical behavior of twisted electron beams in the presence of magnetic fields have been reported in recent years. [19, 23] In the present work, an approach to detect magnetic impurity in materials by investigating the interaction of twisted electrons and the impurity-induced magnetic field is proposed.
The problem of magnetic impurities embedded in electron systems has attracted a lot of attention for many decades. Only taking Kondo effect as an example, magnetic impurities in metals induce manybody correlations which at low temperatures quench the spin fluctuations at the impurity site. [24] The magnetic structure of the impurities plays important roles of the Kondo screening. Therefore, it is important to explore the magnetic configuration of magnetic impurities. Magnetic dipoles are fundamental, observable units of magnetism and of great importance in the study of the magnetic properties of matter in static magnetic fields. Magnetic strength of the magnet source can be considered as a superposition of magnetic dipole moments with different magnitude and orientation. Therefore, the detail study of a magnetic dipole moment can provide fundamental and useful informations of magnetic impurities.
In contrast to the consideration that the magnetic dipole is comprised of two monopoles having opposite magnetic charges at a small distance from each other, and the twisted electrons interact with two magnetic monopoles separately [15] , much less attention has been paid to the influence of the magnetic dipole as a whole on the propagating twisted electrons. Here, we propose the theoretical model describing the physical behavior of twisted electrons in the field generated by the magnetic dipole. Different from the uniform magnetic fields [19] , the magnetic dipole field is inhomogeneous in space, so does the vector potential A (B = ∇ × A). In our study, a special attention is paid to the phases of the outgoing electron wave. An Aharonov-Bohm phase [25] is acquired as the transverse trajectory of twisted electron passing through the magnetic dipole and this results in an increase or decrease of the OAM, which is directly related to the Gouy phase shift [19, 26] . Moreover, the magnetic field also gives rise to an electron optical phase shift. We show that the size of these shifts is dependent on the magnitude and orientation of magnetic dipole. The observation of these phase shifts by interfering the outgoing beam with a reference Gaussian-cylindrical wave highlights the potential of the proposed model for the detection of magnetic impurities using the twisted electron beams.
Theoretical formulation
As described theoretically by Nye and Berry [27] , vortex waves are solutions of the three-dimensional (3D) wave equation with an angular-dependent phase factor of the form
with ρ and φ being the radial and azimuthal coordinates with respect to the wave propagation along the axis z. The number is referred to as the topological charge.
As an eigenstate of the angular momentum operatorL z = −i ∂ ∂φ , vortex waves carry a well-defined angular momentum of per photon or electron [28] . Considering the transverse confinement, the simplest twisted state produced in TEM can be expressed in the form of Bessel-Gaussian [29, 30] with
Here J | | is the Bessel function of the first kind, k ⊥ is the transverse wave number, z is the propagation distance, k z is the axial wave number and w 0 is the beam waist [26] . Additionally, for this converging beam, a propagation-dependent phase shift needs to be introduced [19, 26] 
which is dependent on the OAM of twisted electrons, and z R is the Rayleigh length. For the description of the fundamental, observable unit of magnetism, we start with the influence of magnetic dipole on the propagating twisted electrons. The influence of actual magnetic impurity on the electrons can then be calculated as the sum of individual effects of each magnetic dipole. Let us consider a magnetic dipole located at the position (x 0 , y 0 , 0) with ρ 0 = x 2 0 + y 2 0 representing the distance from the propagation axis of the twisted electron beam and α and β describing the angles between the direction of the magnetic dipole moment and the z and x axis, respectively (see Fig.1 ). Given a small transverse wave number k ⊥ , we approximate the magnetic dipole by a pointlike magnetic moment p m = p m (sin α cos βê x + sin α sin βê y + cos αê z ), where p m is the magnitude of the dipole. The magnetic dipole model allows for calculating the magnetic strength of the magnet source. However, a restriction of the model is that the distance from the testing position to the magnet's position must be much larger than the size of the magnet. In our point magnetic moment case, the condition is fullfilled at any position in space. The vector potential associated with this dipole moment is given by the expression
where R = ρ 0 +R 1 with R 1 representing the position of twisted electrons, µ 0 = 4π×10 −7 N/A 2 is the permeability of vacuum. The magnetic vector potential A in quantum physics has real, measurable effects. Here, it is directly related to the phase shifts under consideration. Since the twisted electron beams are easily described in cylindrical coordinates, it is convenient to write the vector potential (Eq.4) in the same coordinate system:
Note that the vector potential has a spatial anisotropy. This means that the interaction of electrons and the magnetic dipole is dependent on the azimuthal angle φ, which leads to the deformation of helical wavefront of the free twisted electron beams.
According to the phase object approximation (POA) [31] , any electromagnetic field between planes z i and z i+1 along the optical axis z can be treated as a thin phase object. The corresponding transmission function T can be formulated as
where the incident electron beam direction z is aligned with the optical axis, V (ρ, φ, z) is the electrostatic potential, A z (ρ, φ, z) is the z component of the magnetic vector potential and e, λ dB , and E are the absolute values of the electron charge, the de Broglie electron wavelength, the reduced Planck constant and the kinetic energy of electrons in the non-relativistic approximation, respectively. The integral is extend along the z axis, within the limits that include all of the field effects. From Eqs. (5) and (6) it follows that, for a magnetic dipole, the direct integration along the z axis between −d and d (d >> ρ m ) can be used to evaluate the electronoptical phase shift:
Here, d is the distance between the electrons and the magnetic dipole along the z axis, within which the vector potential has a significant effect on the phase Φ z . A z is the z-component of A, which is related to the azimuthal angle of propagating electrons and the magnitude and orientation of the magnetic dipole. Hence, Eq. (7) describes an anisotropy phase difference that depends on the p m and azimuthal angle φ.
On the other hand, the Aharonov-Bohm phase is acquired by the twisted electrons when its path in a transverse plane encloses magnetic flux:
A φ is the φ component of the magnetic vector potential. This phase leads to either increase or decrease of the initial electron OAM state by ν = Φ AB /2π, where ν is a real number.
In the transverse plane containing the dipole (z = 0), after choosing the radius of a transverse loop as ρ m , which corresponds to the radius of maximum intensity of beam, we obtain:
The Gouy phase shift of the beam propagation from −d/z R << −1 to d/z R >> 1 is given by
Eq. (7) and Eq. (10) show that the twisted electrons after passing through the magnetic dipole obtain both the usual optical phase and Gouy phase shift at the same time. Considering these two phases obtained by the twisted electron beam, the outgoing wave function of electrons at radius ρ can be expressed by the following expression: The wave function f (ρ, φ) in the plane perpendicular to the propagation axis for different α and β angles is shown in Fig.2 and Fig.3 , respectively. The period of the wave function is 2π when α = 0, π, however, the φ-dependent optical phase in other cases (α = 0, π) affects the wave function.
It's important to note that when the magnetic dipole is located very near the propagation axis of electrons, the vector potential can be expressed in more concise form:
so that
The change of the electron's OAM ν, according to Eq.9, has the form:
Phase shifts visualization
In order to visualize the effect of the magnetic dipole on the twisted electrons, we interfered the outgoing twisted electron beam with a reference Gaussian cylindrical wave ψ ref ∝ e −ρ 2 /w 2 0 e ik ρ . k is the wave number in the transverse plane of the reference wave. Fig.4 and Fig.6 show how the interference pattern of the outgoing twisted electron wave and cylindrical wave varies with the α and β angles when the magnetic dipole is off and on the propagation axis, respectively. The corresponding distributions of the interference intensity with respect to the azimuthal angle φ at ρ = ρ m ( from Fig.4) is demonstrated in Fig.5 . The magnitude of the dipole moment p m = 2 × 10 −18 A · m 2 . These interference patterns represent that the phases obtained by the twisted electrons during propagation through the magnetic dipole. When the direction of the magnetic dipole moment is along the z axis (α = 0, π), the electron-optical phase shift Φ z becomes zero and only the Gouy phase exists. In this case, the helical wavefront is not deformed and the patterns are independent of the angle β but rotated by an angle Θ Gouy / , which is related to the magnitude of the magnetic dipole. However, in more general case (α = 0, π), the two phase shifts mentioned above exist at the same time and the patterns not only rotate but also deform when the angle α or β changes, as shown in Fig.4 and Fig.6 . For a better illustration, we calculated the φ-resolved interference intensity as a function of the azimuthal angle φ at radius ρ = ρ m , and the obtained results are shown in Fig.5 . The width of the interference intensity peak at half-height can be roughly considered as the size of the bright spots, and the center position of the spots can be obtained directly as well. Clearly, the interference pattern rotates and deforms when the direction of the dipole moment changes.
The magnetic feature of the magnetic impurity can be considered as an array of structural localized magnetic dipoles possessing different strengths.
Taking three dipoles as an example, these dipoles locate at (a 1 ρ m , b 1 ρ m , 0), (a 2 ρ m , b 2 ρ m , 0) and (a 3 ρ m , b 3 ρ m , 0) respectively and the corresponding strength and orientation are p m1 (sin α 1 cos β 1êx + sin α 1 sin β 1êy + cos α 1êz ), p m2 (sin α 2 cos β 2êx + sin α 2 sin β 2êy + Figure 4 . Interference patterns of the outgoing twisted electron beams and a reference Gaussian-cylindrical wave for (upper row) different α (β = π/4) and (bottom row) β (α = π/4) angles, respectively. The wave number k = k ⊥ and other parameters are the same as given in Fig.2 . Figure 5 . The corresponding distributions of the interference intensity (see Fig.4 ) with respect to the azimuthal angle φ at the radius of maximum intensity of beam. cos α 2êz ) and p m3 (sin α 3 cos β 3êx + sin α 3 sin β 3êy + cos α 3êz ). Without loss of generality, let's take the angles α 1 = π/3, β 1 = π/4; α 2 = π/4, 0, β 2 = π/2; α 3 = 2π/3, β 3 = π/4. The strength of magnetic dipoles is 2 × 10 −18 , 1 × 10 −18 and 3 × 10 −18 A · m 2 . The interference pattern of the outgoing twisted electron wave and the reference wave are shown in Fig.7 . The distribution of dipoles can be clearly seen in the figure, and they are marked by blue dots. Furthermore, the strength and orientation of each magnetic dipole can be obtained from the distribution of interference intensity with respect to the azimuthal angle at a certain radius ρ. For those dipoles whose orientation is parallel or anti-parallel to the propagation axis of the twisted electron beam (see pattern on the right of Fig.7) , we can obtain their distribution by rotating the material at a small angle. 
Conclusion
We investigated theoretically the influence of a magnetic impurity on the twisted electron beams generated by TEM. Considering the diversity of magnetic impurities, a more general magnetic dipole case was investigated. The vector potential of the magnetic dipole contributes to the electron optical phase and Gouy phase shifts. The Aharonov-Bohm phase of electrons causes the increase or decrease of the initial OAM, resulting in the Gouy phase shift. In addition, this phase is independent on the azimuthal angle φ, so it only can rotate the interference pattern. Unlike the homogeneous Gouy phase, the electron optical phase shift arising from the z component of the vector potential of the magnetic dipole is dependent on the azimuthal angle φ and, thus, becomes anisotropic, which leads to the deformed and rotational interference patterns. The φ-resolved interference intensity is very sensitive to both the magnitude and the orientation of the magnetic dipole, of which the fitting function can be used to reveal the peculiarities of the dipole moment p m . For the representative atomic-and nanoscale magnetic impurity, it was demonstrated that the impurity can be considered as a sum of magnetic dipoles and the detailed analysis of the superposition of interference patterns with different magnitude and direction of dipole moments would help in understanding the magnetic structure of the impurity.
